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SUMMARY
We present a method for the computation of time-dependent geodetic and geophysical
signatures (deformation, potential and gravity changes) due to magmatic intrusions in a
layered viscoelastic–gravitational medium. This work is an extension of a deformation
model previously developed to compute effects due to volcanic loading in an elastic
gravitational layered media. The model assumes a planar earth geometry, useful for
near field problems, and consists of welded elastic and viscoelastic layers overlying
a viscoelastic half-space. Every layer can either be considered elastic or viscoelastic.
The intrusion (treated as a point source) can be located at any depth, in any of the layers
or in the half-space. Several examples of theoretical computations for different media
are also presented. We have found that, in line with previous results obtained by other
authors, introducing viscoelastic properties in all or part of the medium can extend the
effects (displacements, gravity changes, etc.) considerably and therefore lower pressure
increases are required to model given observed effects. The viscoelastic effects seem to
depend mainly on the rheological properties of the layer (zone) where the intrusion is
located, rather than on the rheology of the whole medium. We apply our model to the
1982–1984 uplift episode at Campi Flegrei, modelling simultaneously the observed vertical
displacement and gravity changes. The results clearly show that for a correct inter-
pretation of observed effects it is necessary to include the gravitational field in the
anelastic theoretical models. This factor can change the value and pattern of time-
dependent deformation as well as the gravity changes, explaining cases of displacement
without noticeable gravity changes or vice versa, cases with uplift and incremental gravity
values, and other cases. The combination of displacement and gravity changes is found
to be especially effective in constraining the possible characteristics of the magmatic
intrusion as well as the rheology of the medium surrounding it.
Key words: displacement, gravitational field, gravity, layered media, viscoelasticity,
volcanic activity.
I N T R O D U C T I O N
The problem of calculating gravity, deformation, potential and
sea level changes arising from volcanic crustal loading is of
wide interest. The importance attached to these computations
can be seen in a partial list of the literature on this topic given
by Rundle (1982a) since the end of the 1970’s, where one could
include the work of Rundle (1980, 1982a,b, 1983), Bonafede
et al. (1986), Davis (1986), Sasai (1986), McTigue (1987),
Bianchi et al. (1987), Dragoni & Magnanensi (1989), Okubo &
Watanabe (1989), Bonafede (1990), Ishihara (1990); Bonafede
(1991), Hvozˇdara & Brimich (1991, 1995), De Natale & Pingue
(1993, 1996), Roth (1993), Ferna´ndez & Rundle (1994a,b),
Hofton et al. (1995), Brimich et al. (1996), 1996), Bonafede &
Danesi (1997), De Natale et al. (1997) and Ferna´ndez et al.
1997).
In volcanic areas, the presence of incoherent materials
and high temperatures produce a lower effective viscosity of the
Earth’s crust, making it necessary to consider anelastic properties
(Bonafede et al. 1986; De Natale & Pingue 1996). Bonafede
et al. (1986) and Bonafede (1990) computed analytical solutions
for the displacement field in a viscoelastic half-space to model
the effect of a magma chamber. They showed that the con-
sideration of point-like sources in a viscoelastic half-space may
reproduce the observed uplifts with plausible values of pressure
at the source (<10 MPa). The problem of nuclei of strain in
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an elastic layer overlying a viscoelastic half-space has been
studied by Rundle (1978a) to model the effect of the astheno-
sphere. Dragoni & Magnanensi (1989) considered a spherical
magma chamber, surrounded by a homogeneous shell of thermal
metamorphic rocks, which is elastic dilatational and Maxwell
deviatoric. Outside the shell, the medium is elastic. Displace-
ment and stress fields owing to pressurization of the magma
chamber are calculated analytically. Roth (1993), dealing with
dilatational sources, found a solution for an opening crack
contained in a layered elastic half-space that could be extended
to simulate a system of dykes. Heki et al. (1993) proposed a
viscous diffusion model for post-dyking stress relaxation at
divergent plate boundaries. Hofton et al. (1995) extended the
work of Rundle (1980, 1981) to include the case of a dyke
opening in an elastic layer overlying a viscoelastic half-space
using existing models for the computation of horizontal displace-
ments due to thrust faulting (Ferna´ndez et al. 1996a,b, 1998,
1999). Folch et al. (2000) obtained and compared analytical and
numerical solutions for ground displacement produced by an
over-pressurised magma chamber placed in a linear viscoelastic
medium (without gravity) consisting of a layer over a half-
space. They examined the effect of different parameters such
as size, depth and shape of the chamber, and explored different
crustal rheologies and the effect of topography. They con-
strained the applicability of the point source versus finite source
model and the flat surface hypothesis versus consideration
of the existing surface topography. These factors are usually
assumed implicitly when analytical solutions are derived. Their
results have shown that neglecting the topographic effects may,
in some cases, introduce an error greater than the one implicit
in the point source hypothesis.
Despite the development of many different deformation
models, there are still discrepancies in data interpretation, in
particular for gravity data. This fact, together with the interest
in and our need to further knowledge of all aspects of volcanic
phenomena, means that more complex calculations which
include effects not present in other models (e.g. consideration
of gravitational potential, layering, finite volume sources,
viscoelastic and inelastic properties of the medium, etc.) are
required.
In this paper we examine a layered viscoelastic–gravitational
medium and focus mainly on studying the effects of the medium
and of different sources (pressure, mass) and the existence of a
gravity field on the results obtained. We do not consider the
influence of the intrusion’s geometry or topography. Contrary
to deformation models normally used to model volcanic defor-
mation, which only consider the effect of pressure changes,
we consider a spherical point source formed by a centre of
expansion and mass. There are other authors who also con-
sider the effects of intrusion mass (see e.g. Savage 1984; Okubo
1991, 1992; Wong & Walsh 1991;), although those models
are not viscoelastic and still rarely used in the interpretation
of observed data in volcanic areas. Therefore, we take into
account the interaction between the mass of the intrusion and
the ambient gravity field, and the effect caused by the change
of pressure in the magmatic chamber (due to overfilling or
temperature changes). The medium consists of several elastic
and viscoelastic layers overlying a viscoelastic half-space. We
also consider the existence of a gravitational field. The source
may be located at any depth in the medium. We use the
numerical formulation described by Ferna´ndez & Rundle
(1994a,b) and extended by Ferna´ndez et al. (1997).
In the following sections we discuss the technique involved in
synthesizing displacements, deformation and gravity changes
due to volcanic loading for the medium described. Results
of the calculations are then discussed with respect to aspects
mentioned above. Finally we perform a practical application
with the fitting and interpretation of observed data.
D E F O R M A T I O N M O D E L
The earth model is represented as a set of (px1) homogeneous
flat layers, each having its own Lame´ parameters li, mi, density
ri and thickness di, overlying a homogeneous half-space.
We denote the sum of the di by H. The half-space is layer p,
with properties lp, mp, rp. Displacements, gravity and potential
changes are considered to be produced by a spherical intrusion,
which we will treat as a point source, located at (0, 0, c).
We use a system of cylindrical coordinates (r, h, z) with unit
vectors (er, eh, ez), and the origin located at the epicentre of
the intrusion. The z-axis is pointing down into the medium.
The equations that satisfy the displacement vector u and the
disturbing potential w are given by Rundle (1980, 1982a, 1983).
Using dislocation theory and the propagator matrix technique
(Thomson 1950; Haskell 1953; Gilbert & Backus 1966), Rundle
(1980, 1982a, 1983) and Ferna´ndez et al. (1997) obtained
solutions for displacement (u), potential (w), gravity (dg), tilt
(T) and vertical strain (e) changes at the free surface (z=0) for
any radial distance (r) of the forms:
u ¼M
?
0
½x10ð0ÞP0 þ y10ð0ÞB0kdk , (1)
 ¼M
?
0
u10ð0ÞJ0ðkrÞkdk , (2)
dg ¼ ÿ d
dz
¼ ÿM
?
0
q10ð0ÞJ0ðkrÞkdk þ b0uz , (3)
T ¼ Luz
Lr
¼ ÿM
?
0
x10ð0ÞJ1ðkrÞk2dk , (4)
e ¼ Luz
Lz
¼ j1
j1 þ 2k1
?
0
y10ð0ÞJ0ðkrÞk2dk , (5)
where M is the mass of the intrusion, P0, B0 are vectors
given in terms of Bessel functions of first kind, P0wJ0(kr)ez,
B0w(hJ0(kr)/hkr)er, x0
1(0), y0
1(0), v0
1(0) and q0
1(0) are the kernel
functions and b0=4pGr0, with r, l, m being the density and
elastic parameters of the first layer. The integration kernels
x0
1(0), y0
1(0), q0
1(0) and v0
1(0) are given as a function of the
material properties of the model as well as the source depth
(see e.g. Ferna´ndez & Rundle 1994a,b for more details). A full
description of the general numerical formulation to compute
these solutions, as well as a description of the computing
programs, is given by Ferna´ndez et al. (1997). For a solid earth
model, the expressions for surface (gs), free air (gFA) and
Bouguer (gB) gravity changes are, for any vertical displacement
uz (see Ferna´ndez & Rundle 1994a),
gs ¼ ÿ LLz ÿ 4noGuz þ cFAuz , (6)
gFA ¼ ÿ LLz ÿ 4noGuz , (7)
gB ¼ gFA þ 2noGuz ¼ ÿ LLz ÿ 2noGuz , (8)
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where the quantity cFA (=0.3085 mGal m
x1) is the free air
gradient and hw /hz represents its value for z=0. The appro-
priate source functions ( jump discontinuities) for a magmatic
intrusion of the described characteristics are given Rundle
(1980, 1982a) and Ferna´ndez & Rundle (1994b).
I N T R O D U C T I O N O F T I M E
D E P E N D E N C E
For the present, m and l are elastic constants, but they will
assume a time-dependent character later on. The choice of
viscoelastic properties for the inelastic regime has the further
consequence of effectively limiting consideration of rheological
properties to materials that have linear constitutive laws. As
in Ferna´ndez et al. (1998) and Folch et al. (2000), the intro-
duction of time dependence into eqs (3)–(8) is done by follow-
ing Rundle (1982c). We apply the correspondence principle
of linear viscoelasticity (Fung 1965). The method thus is to
replace mi and li by m˜i(s) and l˜i(s) in x0
1(0), y0
1(0), q0
1(0) to give
x¯0
1(0), y¯0
1(0), q¯0
1(0), where the bar denotes the Laplace trans-
form, and then to invert the resulting expressions into the time
domain by some appropriate means. The inverse Laplace trans-
form of these expressions is not straightforward. The specific
method used to perform the inversion is the Prony series method
(Schapery 1961; Cost 1964). For a more in-depth description
see Rundle (1982c) and Folch et al. (2000).
We consider three different possibilities for the rheology of
l˜(s) and m˜(s). As in Folch et al. (2000), the first possibility is
denoted by Relaxation 1 (R1), which we call asthenospheric
relaxation, in which the medium deforms viscoelastically with
respect to the shear stresses as a Maxwell body but behaves
elastically with respect to the normal stresses. In this case, one
has
~jðsÞ ¼ j , (9)
~kðsÞ ¼ kq
sqþ 2 (10)
and
q ¼ 2g
k
, (11)
where l and m are the elastic Lame´ parameters, t is the charac-
teristic time and g is the viscosity of the fluid. Note that in the
asthenospheric relaxation, only the Lame´ parameter m is replaced
by the function m˜(s), while l is the same as in the elastic case. This
rheology is appropriate to represent the behaviour of zones com-
posed of rocks at high temperature (Dragoni & Magnanensi 1989)
and the asthenosphere (Rundle 1982c; Ferna´ndez et al. 1996a).
The second option is named Relaxation 2 (R2), in which the
medium deforms viscoelastically as a Maxwell fluid with respect
to both the shear and the normal stresses but the Poisson’s
coefficient is constant. In this case
~jðsÞ ¼ jq
sqþ 2 (12)
and
~kðsÞ ¼ kq
sqþ 2 : (13)
This rheology is sometimes used by different authors to represent
the behaviour of the crust in volcanic loading problems (see
e.g. Bonafede et al. 1986; Folch, 2000).
The third option, denoted by Relaxation 3 (R3), is one in
which the medium deforms viscoelastically with respect to both
the shear and the normal stresses but keeps a constant bulk
modulus. In particular, the shear modulus relaxes as Maxwell
fluid. However, l relaxes as standard linear solid, so that the
bulk modulus remains constant. Then
~kðsÞ ¼ kq
sqþ 2 (14)
and
~jðsÞ ¼ jþ 2
3
kÿ 2
3
~kðsÞ : (15)
This rheology would represent a means of keeping the elastic
compressibility of the crust fixed, but at the same time allowing
shear stresses to relax.
T H E O R E T I C A L R E S U L T S
In the first test we compare the predictions of our model to other
results in the limiting case of a homogeneous viscoelastic half-
space, for which there are analytical solutions (e.g. Bonafede
et al. 1986; Bonafede 1990). We consider a purely viscoelastic
homogeneous half-space, Maxwell solid (Relaxation 2) with
s=0.25. Fig. 1 displays the results obtained for the vertical and
radial displacements produced by a centre of expansion (CE) at
a depth c, at the same relaxation times (expressed in units of
characteristic time) as used by Bonafede et al. (1986) in their
Figs 10 and 11. Considering the correction factor described by
Bonafede (1990) for the results of Bonafede et al. (1986), the
discrepancies between both sets of results are of the order of
10 per cent or less. These discrepancies are probably produced
by the different numerical processes used to compute both
solutions and small differences in the times arising from the
different units used for scaling time by Bonafede et al. (1986),
tB, and t, in this work. The relationship between them is
t=(10/6)tB, so that we consider the results equivalent.
Next we study how the consideration or non-consideration
of the ambient gravitational field affects the model’s solutions.
If we do not consider the existing gravitational field in the
volcanic loading problem, the results (solutions) should corres-
pond to those computed for a CE (Mogi’s) source, (Mogi
1958) (see Ferna´ndez et al. 1997, p. 247 and Fig. 6). To
check numerically the effect of the gravitational field in the
viscoelastic problem we calculate the effects of an intrusion
in a homogeneous medium with Lame´ parameters equal to
3r1010 Pa, Poisson’s ratio s=0.25 and density r=3000 kg
mx3 in the initial instant of the intrusion process, t=0, for a
CE source with and without gravity field. The source is located
at a depth of 5 km. The differences we obtain in the results
appear only in the Bouguer gravity changes (see eq. 8). By way
of example we represent in Fig. 2 the computed surface, free air
and Bouguer gravity changes with and without gravitational
field. It is clearly observed in both viscoelastic computations
that, as in the elastic case (see e.g. Rundle 1978b, 1983; Walsh &
Rice 1979; and Ferna´ndez et al. 2001) the free air gravity changes
are practically null. This is also the case for purely viscoelastic
Bouguer gravity changes (no gravity field consideration). This
is consistent, because if we do not consider the gravity field
in the computations, we do not consider effects due to mass
(density) redistribution in the medium. In fact, and strictly
speaking, we could even consider whether it would be coherent
to compute gravity changes if the existence of the gravitational
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Figure 1. Radial (ur) and vertical (uz) ground displacement produced by a centre of expansion at depth c as a function of radial distance r. The curves
refer to different times equivalent to the ones used by Bonafede et al. (1986) in their Figs 10 and 11. The curves for uz are normalized to the maximum
elastic displacement, which occurred at r=0 and t=0. We consider the medium to be a homogeneous half-space with Poisson ratio s=0.25 and
Relaxation 2.
Figure 2. Surface (gs), free air (gFA) and Bouguer (gB) gravity changes produced by a centre of expansion in a homogeneous half-space with Lame´
parameters equal to 3r1010 Pa, Poisson’s ratio s=0.25, density r=3000 kg mx3 at initial instant, t=0 and Relaxation 2 rheology, including and not
considering the existence of a gravity field in the computations. The source has a radius a=1 km and a pressure of 10 MPa. The effects are displayed
for instants t=0, 0.5, 1 and 10 t. See eqs (6)–(8) and (11) for definition of gravity changes and t, respectively.
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field is not taken into account. We observe that when the
gravitational field is included in the computations, and there-
fore the effects of mass redistribution inside the medium, the
Bouguer gravity change is clearly not null and therefore is
useful to infer information about the source characteristics.
In consequence, if we only consider the total surface gravity
change and displacements, purely viscoelastic effects produced
by a magmatic intrusions would be similar to the computed
viscoelastic–gravitational effects for a centre of expansion
source. However, if we want to consider all aspects of the
existence of the ambient gravitational field in the computations
we must also take into account its interaction with the mass
of the intrusion, that is we must add the effects for a point
mass (PM) source (Ferna´ndez et al. 1997). Fig. 3 shows total
surface gravity changes, gs, and displacements ur and uz, for a
CE source and the three rheological models described earlier
(R1, R2 and R3). The centre of expansion is considered to
have equivalent radius a=1 km and a pressure of 10 MPa.
To include the existence of the ambient gravitational field
in the model we must add the effects corresponding to a PM
source. These effects are plotted in Fig. 4 for a point mass
equal to 1 mass unit (1 MU=1012 kg) (see Rundle 1980,
1982a for definitions). In agreement with results obtained
by others (Bonafede et al. 1986; Dragoni & Magnanensi 1989;
Bonafede 1991), both Figs 3 and 4 show that introducing
anelastic properties in all or part of the medium can amplify
the response considerably above that for the equivalent elastic
model. In practice, this may help avoid unrealistically large
pressure increases, which are often deduced when modelling the
observed effect with an elastic medium. The results displayed
in both figures also show that, as in the elastic case (Rundle
1982a, Ferna´ndez & Rundle 1994a,b; Ferna´ndez et al. 1997), the
temporal vertical displacements and gravity changes produced
by the relaxation of the medium after the active intrusion process
have different signs for the two types of source (CE and PM).
This raises the possibility that the right combinations of mass,
radius and pressure in the intrusion may explain observations
in active zones where major gravity changes can appear with-
out any significant deformation or vice-versa. This is a possible
explanation for the variety of vertical gravity gradients observed
in active zones (see e.g. Rundle 1982a and Rymer 1996). This
elastic-gravitational model has been used to interpret data on
gravity change without deformation obtained from the Mayon
volcano in the Philippines (Jahr et al. 1998; Jentzsch et al. 2001)
with excellent results (Ferna´ndez et al. 1999). Regardless of the
rheology assumed in the calculations, including the gravitational
Figure 3. Time-dependent surface gravity changes gs, and displacements ur and uz produced by a centre of expansion (CE) located at a depth of 5 km
in a homogenous medium with Lame´ parameters equal to 3r1010 Pa, Poisson’s ratio s=0.25 and density r=3000 kg mx3 at initial instant, t=0, and the
three rheological models described in the text (R1, R2 and R3). The source has a radius, a=1 km and a pressure of 10 MPa. The effects are displayed for
instants t=0, 0.5, 1, 10, 20 and 60 t. The relaxation time t is the characteristic time defined by t=2 g/m, where g is the viscosity of the fluid.
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field (PM source) introduces a long wavelength in the vertical
displacements and gravity changes, which increases with time.
This long wavelength does not appear for these sources in purely
elastic or purely viscoelastic calculations (see e.g. Mogi 1958,
Ferna´ndez et al. 1997 and Folch et al. 2000).
Bonafede et al. (1986) found for the viscoelastic solution
for a centre of pressure (our CE source) that the displacement
does not have a finite limit for tp?, owing to the presence of a
term proportional to the time, t, in their equations, and grows
indefinitely in time. Our results shown in Figs 3 and 4 are
similar for long periods of time (tj60t). Therefore following
Bonafede et al. (1986) the geophysical observable which has to
be explained by this model is displacement or gravity change
rate, rather than the total magnitude of the effect.
We next consider a stratified medium formed by two layers,
each 10 km thick, overlying a half-space. Both layers and
the underlying half-space are assumed to have elastic Lame´
parameters and density identical to those used in Figs 2–4. The
media considered will only differ in their rheological charac-
teristics. The rheologies considered (M1 to M12) are described
in Table 1. In these media we locate sources (CE and PM) at
depths of 5 km (layer 1) or 12 km (layer 2) (see Fig. 5).
Figure 4. Time-dependent surface gravity changes gs and displacements ur and uz produced by a point mass (PM) located at a depth of 5 km in a
homogenous medium with Lame´ parameters equal to 3r1010 Pa, Poisson’s ratio s=0.25 and density r=3000 kg mx3 at initial instant, t=0, and for the
three rheological models described in the text (R1, R2 and R3). The point mass is considered equal to a mass unit (1 MU=1012 kg). The effects
are displayed for instants t=0, 0.5, 1, 10, 20 and 60 t. The relaxation time t is the characteristic time defined by t=2 g/m, where g is the viscosity of the fluid.
Table 1 Rheologies considered in the media used in Figs 4–12. R0, R1, R2, R3 means, respectively, elastic
(no relaxation), Relaxation 1, Relaxation 2 and Relaxation 3. The meaning of R1, R2 and R3 and the other
characteristics of the media are explained in the text
Medium M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 M11 M12
Layer 1 R1 R2 R3 R0 R0 R0 R1 R2 R3 R0 R0 R0
(10 km thick)\
Layer 2 R1 R2 R3 R0 R0 R0 R0 R0 R0 R1 R3 R2
(10 km thick)
Half-space R1 R2 R3 R1 R2 R3 R1 R2 R3 R2 R2 R1
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In the first group of homogeneous media, M1 to M3, we
see that for source CE, Fig. 3, the displacement and temporal
gravity change patterns are identical for the three rheologies
considered. Displacements and gravity changes have very similar
magnitudes in rheologies R1 and R3 for the different time
instants considered, just as in the faulting problem (Rundle
1982c). For R2 rheology we observe an increase of more than
40 per cent in the temporal effects represented with respect to
the other two rheologies considered. For a PM source (Fig. 4),
we see again that vertical deformation and gravity change
patterns do not depend on the rheology considered. The same
does not apply to the magnitude of both effects, which is 20 per
cent higher when R2 relaxation is considered than for R1 and
R3. As occurred for the CE source, the magnitudes of these last
two relaxations are similar. In the case of radial displacement,
the temporal magnitudes and patterns are almost the same for
rheologies R1 and R3. In medium M2, with relaxation R2,
we observe a 30 per cent decrease in the maximum magnitude
of the displacement and an important, notable change in the
temporal displacement pattern, together with a long wavelength
in the displacement that increases with time and a negative
radial displacement from radial distances slightly larger than
twice the depth of the source. This negative radial deformation
also appears in elastic-gravitational calculations for point masses,
Figure 5. Schematic of the layered medium used in subsequent figures.
A represents the location of the source at 5 km and B location at
12 km, layer 1 and layer 2, respectively. See text and Table 1 for other
characteristics.
Figure 6. Time-dependent surface gravity changes gs, and displacements ur and uz produced by a PM source located at a depth of 5 km in media M4
to M6 described in Table 1. The source has the same characteristics as the one considered in Figure 4. Note that the curves corresponding to the
different times are all the same.
Viscoelastic–gravitational effects due to magma intrusions 161
# 2001 RAS, GJI 146, 155–170
 at U
niversidad Com
plutense de M
adrid on O
ctober 10, 2014
http://gji.oxfordjournals.org/
D
ow
nloaded from
 
but with a very small magnitude, which increases considerably
with viscoelastic relaxation. The same result is clearly observed
when the intrusion is located at a greater depth, even in a
different layer, in this same medium. A reason for that may be
that for the PM source the crust is pulled downwards, so one
would expect the radial displacement to be inwards (negative),
and the vertical displacement downwards. It also is expected
that surface gravity would increase as the surface is pulled
downward towards the centre of the earth.
Fig. 6 shows the effects for a PM source in media M4 to M6.
As in Folch et al. (2000), in these media we observe that, for
intrusions located in the elastic layers, there are no noticeable
viscoelastic displacements or gravity changes after the intrusion
process. Folch et al. (2000) present this result as a limitation
of the point source applicability for short periods of time
(0<t<5t), based on a comparison of the results for a 3-D
spherical point source where the same pressure, radius and
depth increment are assumed. Their results show that after 5t
the viscoelastic effects are equal to zero for both extended and
point sources. For short periods of time, tj1t, and extended
sources the magnitude of the viscoelastic effects can be only
about 50 per cent of the elastic ones and with negative and
positive values. This means that they are not very great unless
the elastic effects are very big (see Fig. 7 of Folch et al. 2000).
This result is independent of the rheology considered for the
underlying half-space. A similar result is also obtained if the
uppermost layer is viscoelastic (consider media M7 to M9) and
the intrusion is located in an elastic layer below it. However, the
results are completely different if the intrusion (CE or PM)
is located in the uppermost viscoelastic layer, see, e.g. Fig. 7 for
a CE source. In this case displacement and temporal gravity
change patterns and magnitudes change with time. The com-
puted time-dependent effects are now different from zero and
very close to those obtained for the corresponding homogeneous
half-space (compare Figs 3 and 6).
Finally we consider media M10 to M12, where viscoelasticity
is considered in the rheology in layer 2 the underlying half-
space, and layer 1 is elastic. We observe that no viscoelastic
effects appear for intrusions located in the elastic layer, as in
the previous examples (see Fig. 6), whereas they do appear if
the intrusion is in the second viscoelastic layer e.g. Fig. 8. If we
compare these results with those obtained for media M1 to M3
with the sources located at the same depth, 12 km (Fig. 9),
we see again that the magnitude and temporal amplifications
of the viscoelastic effects with time seem to depend mainly on
the rheological properties of the zone where the intrusion is
located, as in the previous examples (see Figs 6 and 7), rather
than on the rheological properties of the whole medium. These
results are consistent with the results shown by Dragoni &
Magnanensi (1989).
Figure 7. Time-dependent surface gravity changes gs, and displacements ur and uz produced by a CE source located at a depth of 5 km in media M7
to M9 described in Table 1. The source has the same characteristics as the one considered in Fig. 3.
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The next factor to consider is how different initial properties
of the medium (such as Lame´ parameters and reference density
values) combine with different types of relaxation to affect the
inelastic results produced after the magmatic intrusion process.
Ferna´ndez & Rundle (1994a,b) show that if only the reference
densities of the layers and the half-space change, the displace-
ments and gravity changes are not affected significantly for
t=0 (elastic response). This is also the case for deformation and
inelastic gravity changes (t>0), regardless of the rheology con-
sidered in the medium. It is not the case if we keep the density
values unchanged yet change the Lame´ parameters. Then the
sizes of the effects may change considerably. When the source is
at a shallow depth we observe a clear increase in the ampli-
fication, but if the source is located at a greater depth we get
the opposite effect. In other words, the temporal amplification
of the effects decreases—see, for example, Fig. 10, where we
plot vertical and radial displacement and surface gravity
change for a point mass located at a depth of 5 km in media M2
(see Table 1), M2.1 where we change reference densities for the
layers and half-space from original values, and M2.2, where we
keep the density values unchanged yet change the initial Lame´
parameters. Once again these computations show that the
temporal amplification produced after the intrusion process
(t=0) depends mainly on the rheology of the zone (layer) where
the intrusion is located. This fact is independent of the initial
density and Lame´ parameter values in the different parts of the
medium (layers and half-space).
Finally, we consider how the effects evolve over long periods
of time after the process of active intrusion. To accomplish this
we will consider media M1, M2 and M3 and an interval of
time from t=0 to t=100t. The results obtained in the three
media are shown in Figs 11 and 12 for CE and PM sources,
respectively, assuming the existence of the ambient gravity field
in both cases. Vertical displacement, uz, and gravity change,
gS, are represented for r=0 (r=distance from source epicentre)
and radial displacement, ur, for r=1 and 15 km. Both sources
are located at a depth of 5 km in the three media considered.
Fig. 11 shows the effects produced by overpressure on the
intrusion, CE source. To consider the effect of the existence
of a gravitational field, the effects shown in Fig. 12 for a PM
source should be included in the models. The results show, as in
previous papers (e.g. Bonafede et al. 1986), a clear long-term
amplification of the sudden elastic displacements and gravity
changes. In our case, the maximum amplification is still obtained
for rheology R2 (Maxwell solid rheology in both l and m para-
meters of the medium). For a CE source (Fig. 11) we obtain a
Figure 8. Time-dependent surface gravity changes gs, and displacements ur and uz produced by a centre of expansion (CE) located at a depth of
12 km in media M10 to M12 described in Table 1. The source has the same characteristics as the one considered in Fig. 3.
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temporal amplification of displacements that is approximately
40 per cent larger for medium M2 (rheology R2) than for other
rheologies. Whichever rheology is considered, the viscoelastic
effect (t>0) for this source is always of the same sign as
the elastic effect (t=0) and of increasing magnitude with time.
We observe changes in the rate of temporal variation of the
displacements and gravity changes (e.g. see the 0–40 t time
interval in Fig. 11). Fig. 12 shows that considerable differences
are observed in the behaviour of the temporal radial displace-
ments, for source PM, depending on the rheology considered.
In media M1 and M3, both displacements and the gravity
changes for t>0 are of increasing magnitude and positive sign.
Therefore uz and gS are of the opposite sign to the one obtained
for source CE, while ur is of the same sign. This is important
because it means that, with certain combinations of adequate
magnitude of pressure change and mass recharge in the intrusion,
the vertical displacements and surface gravity changes could
partially or totally cancel each other out (both displacements
and gravity changes or one of them). However, the radial dis-
placements (horizontal), despite being smaller, are of the same
sign and therefore are added. The graphs also show temporal
changes in the rate of variation of the effects. A clear con-
clusion is that, in some cases, it could be necessary to observe
gravity changes and vertical and horizontal displacements at
the same time, to be able to obtain appropriate interpretations.
For medium M2 with rheology R2, the effects for t>0 are
always of the same sign as the elastic effects (t=0) and the
magnitude always increases with t. This means that, for radial
distances slightly larger than twice the depth of the source,
the radial displacement is negative (Fig. 12, medium M2). For
smaller radial distances the horizontal displacements are always
positive, except where r=0 and ur=0, and have similar charac-
teristics to the other two media. In this medium we observe that
the temporal amplification in vertical displacements and gravity
changes is now only 20 per cent larger than in media M1 and
M3 (as compared to 40 per cent for source CE), as occurred
in previous studies (see Fig. 3). However, in the case of radial
displacement this amplification in the radial distance where
the maximum occurs is approximately 30 per cent smaller with
regard to media M1 and M3 with rheologies R1 and R3
respectively.
Bonafede et al. (1986) found that in the case of a sudden
application of pressure (CE source) in a medium with a Maxwell
solid rheology the vertical displacement at the surface grows
indefinitely with time at a rate that approaches a constant value
after a transient phase. This is the same as the result achieved in
this study; see Figs 11 and 12 for the three rheolgical models
studied that are Maxwell in both l and m or only in m. This
happens for both CE and PM sources and for displacements
(vertical and horizontal) and total gravity changes.
Figure 9. Time-dependent surface gravity changes gs, and displacements ur and uz produced by a CE source located at a depth of 12 km in media M1
to M3 described in Table 1. The source has the same characteristics as the one considered in Fig. 3.
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A P P L I C A T I O N E X A M P L E
To demonstrate the uses of the model presented here we
apply it to the 1982–1984 uplift episode at Campi Flegrei, near
Naples, Italy, which produced a total uplift of 160 cm (see e.g.
Berrino et al. 1984; Bonasia et al. 1984; Bonafede et al. 1986;
Bianchi et al. 1987; Bonafede 1990; De Natale & Pingue 1993;
Folch, 2000). The uplift started in 1982 and was accompanied by
an increment of seismic activity (Berrino et al. 1984). Horizontal
displacements and gravity changes occurred simultaneously
with the uplift. Different authors explain the vertical displace-
ments using pressure sources (Bonafede et al. 1986; Bianchi
et al. 1987; Folch, 2000) in elastic or viscoelastic media and
using point or extended sources. Berrino et al. (1984) explained
displacements and gravity changes as resulting from magma
migration and the pressure changes produced, but they did not
use a deformation model for the joint interpretation of both
displacements and gravity changes.
We attempt to model time-dependent vertical displace-
ments and gravity changes using the model explained above and
an adequate combination of pressure change and magmatic
mass intruded in the chamber. We assume in our model that
both the intrusion of magma and the increase in pressure are
instantaneous and occurred at the beginning of 1982. We con-
sider the medium to be homogenous except for its rheology.
The properties of the medium used are l=7 GPa, m=5 GPa
and r=2200 kg mx3. An elastic half-space medium is assumed
except in the upper 3 km, where we assume an R1 rheology. We
believe that an R1 rheology may be more adequate than the R2
rheology used by other authors because it can represent the
behaviour of the thermal metamorphic rocks that normally
surround magma chambers (Dragoni & Magnanensi 1989). In
Campi Flegrei the temperature is over 300 uC at 1 km depth
(Bonafede et al. 1986). Using eq. (11) with a characteristic time,
t, of two months (Bonafede et al. 1986), the viscosity value, g,
obtained for this upper crust is approximately 1r1016 Pa s.
This value is of the same order as those used by Bonafede et al.
(1986). We use the following characteristics for the magma
intrusion: 1 km radius, 3 km depth, a pressure increase of 6 MPa
and a magma refilling of 32r1010 kg. These parameters define
a CE plus PM model used to calculate deformation and gravity
change in a gravitational elastic–viscoelastic coupled medium.
The results are shown in Figs 13 and 14. Fig. 13 represents
the observed and computed elevation and gravity changes for
Sarapeo (it must be noted that elevation has negative sign in our
notation, see definition of the reference system used in the section
entitled Deformation Model). A perfect match with the observed
values is not achieved, but we reproduce the magnitude and
Figure 10. Time-dependent surface gravity changes Gs, and displacements ur and uz produced by a PM source of 1 MU located at a depth of 5 km
in media M2 (described in Table 1) and M2.1 (where we change reference densities from 3 to 2.3 for layer 1, 2.9 for layer 2 and 3.3 for underlying
half-space), and M2.2 (where the density values are unchanged yet the initial Lame´ parameters change from l=m=3–1.3 and 1.7 for layer 1, 4 and 4.7
for layer 2 and 6 and 8 for underlying half-space, respectively). Units for densities are 103 kg mx3 and 1010 Pa for l and m.
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pattern of both effects simultaneously. This agreement is
even clearer in Fig. 14 which shows the observed and computed
uplift along the N–S direction (Pozzuoli–Quarto). We must
keep in mind that, due to the simplifications assumed in the
modelling (point sources, homogeneous medium except in
rheology, no consideration of faults and discontinuities or of
any fluid, instantaneous pressure and mass change, etc.), the
reproduction of both effects cannot, and obviously must not,
be perfect.
We could also model the effects assuming only pressure
changes as in Bonafede et al. (1986) and Folch (2000). In that
case we could obtain, for a different value of pressure change,
Figure 11. Time-dependent surface gravity changes gs and displacements ur and uz produced by a centre of expansion (CE) located at a depth of 5 km
in media M1, M2 and M3 described in Table 1 and an interval of time from t=0 to t=100 t. The source has the same characteristics as the one
considered in Fig. 6. uz and gS are displayed for r=0, ur for r=1 and 15 km.
Figure 12 Time-dependent surface gravity changes gs, and displacements ur and uz produced for a point mass of 10
12 kg located at a depth of 5 km in
media M1, M2 and M3 described in Table 1 and an interval of time from t=0 to t=100 t. uz and gS are displayed for r=0, ur for r=1 and 15 km.
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similar results modelling vertical displacements, but we would
not easily be able to reproduce gravity and displacement
changes simultaneously. As a result, the interpretation should
be different. Our results clearly show the need to consider the
existing gravity field in modelling as well as the importance of
considering, simultaneously, displacement and gravity changes
for the interpretation of volcanic processes.
S U M M A R Y A N D C O N C L U S I O N S
The presence of incoherent materials and higher temperatures
produces a lower effective viscosity of the Earth’s crust,
which makes it necessary to consider inelastic properties. We
have extended methods to compute deformation, potential and
gravity changes due to point magma intrusion in layered elastic-
gravitational media to compute time-dependent solutions.
We test some limitations associated with the medium
and location of the source. The medium considered in our
computations has two layers overlying a half-space, but the
methodology used is general and it may be applied to any
number of layers. We consider the existence of a gravitational
field and the possibility of viscoelastic properties both in any of
the layers and in the half-space. The source may be located at
any depth in the medium and it is a spherical point source
formed by a centre of expansion (CE) and mass (PM). We have
included the possibility that any part of the medium (layer
or half-space) is elastic or viscoelastic, with different types of
rheologies.
Our model has been compared, in the limiting case, with
another, purely analytical, homogeneous deformation model
for a purely viscoelastic medium described by Bonafede et al.
(1986) and Bonafede (1990). Identical results were obtained for
the same case. The consideration of the gravity field (using a
PM source) in the deformation model can change both the size
and pattern of the effects for t>0. Both types of change can be
considerable. Also, for the PM source, the relaxation of the
medium causes a long wavelength in the effects. This does not
appear if gravity is not considered and only the CE source is
Figure 13 (a) Observed (after Berrino et al. 1984) and (b) computed elevation and gravity time-dependent variations for Sarapeo, Campi Flegrei
during the inflation episode of 1982–1984. Temporal origin is January 1982. Characteristics of the media and magmatic source used are described in
the text.
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considered. The vertical displacements and temporal gravity
changes produced by relaxation of the medium after the active
intrusion process have different signs for both types of source
(CE and PM). This is very important because with the right
combination of mass, radius and pressure in the intrusion it
could serve to explain observations in active zones where con-
siderable gravity changes appear without significant deformation
or vice versa, as well as the variety of vertical gravity gradients
observed in active zones.
When studying the effects of different rheologies in the
medium we found that the displacement and temporal gravity
change patterns for a CE source are identical for the three
rheologies considered. If we place the intrusion in an elastic
part of the medium, regardless of the depth and rheology of the
rest of the medium, as in Folch et al. (2000), we observe that
there are no viscoelastic displacements or gravity changes after
the intrusion process. Folch et al. (2000) present this result as a
limitation of the point source applicability for short periods of
Figure 14 (a) Observed (after Berrino et al. 1984) and (b) computed uplift along the N–S direction (Pozzuoli-Quarto) for different times after January
1982. Characteristics of the media and magmatic source used are described in the text.
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time after the intrusion process. Therefore, the magnitude
and temporal amplifications of the viscoelastic effects seem
to depend mainly on the rheological properties of the zone
where the intrusion is located, rather than on the rheological
properties of the whole medium. This result needs to be checked
experimentally and compared to the results obtained with other
analytical or numerical models. Therefore, we see that charac-
teristics of the observed inelastic deformation and gravity
changes can provide some information about the inelastic
properties of the subsurface medium, because the temporal
response of the medium to the intrusion in the studied effects
(displacements and total gravity changes at the surface) depends
mainly on the rheology of the zone where the intrusion is
located.
The heterogeneity of the medium considered in the modelling
is also a very important aspect in this kind of computation. As
occurs for the elastic problem (Ferna´ndez & Rundle 1994a;
Ferna´ndez et al. 1997), the variation of initial Lame´ parameters
with depth can cause a considerable change in the amount of
inelastic displacements and gravity changes. In both sources
there is a clear increase of the temporal amplification of the
displacements and gravity changes for shallow intrusions, with
the opposite effect being seen in deeper intrusions, i.e. less
amplification than for a homogenous medium. This fact is
clearly conditioned by the properties of the zone in question. If
only the reference densities of the layers and the half-space
change, as in the elastic problem (Ferna´ndez & Rundle 1994a,b),
they do not significantly affect the viscoelastic response.
Studying the evolution of inelastic effects over a long period
of time after the process of active intrusion, we note, once
again, the importance of considering the existing gravitational
field in the modelling, which potentially causes an important
variation in the scale of the effects and their pattern. For a CE
source, the viscoelastic effect (t>0) is always of the same sign
as the elastic effect (t=0) and the magnitude always increases,
whichever rheology is considered. For a PM source, the
temporal radial displacements behave in quite different ways,
depending on the rheology considered. For rheologies R1 and
R3 both displacements and the gravity changes for t>0 are of
increasing magnitude and positive sign. Therefore uz and gS are
of the opposite sign to those obtained for source CE, while ur
is of the same sign. For rheology R2, the effects for t>0 are
always of the same sign as the elastic effects (t=0) and the
magnitude always increases with t. This means that, for radial
distances slightly larger than twice the depth of the source, the
radial displacement is negative. For both sources we observe
changes in the rate of temporal variation of the displacement
and gravity changes. This rate, as in Bonafede et al. (1986), is
found to approach a constant value after a transient phase.
Finally, we have applied our model to the 1982–1984 uplift at
Campi Flegrei, modelling vertical displacement and gravity
changes simultaneously. We reproduce the pattern and mag-
nitude of both effects. Our results show that viscoelastic–
gravitational models that account for the interaction of the mass
of the intrusion with the ambient gravity field and redistri-
bution of densities inside the crust can reasonably be used for
the interpretation of time-dependent deformations and gravity
changes. These effects are sometimes quite impossible to inter-
pret simultaneously using purely elastic or viscoelastic models.
This can occur if the effects of the intrusion are due not only to
pressure changes in the intrusion, but also if there is a con-
siderable amount of magma recharge. There are other important
facts not considered in our modelling that should be used for a
more adequate interpretation, such as in the case of geometry
of sources, the existence of fluids or additional sources (e.g.
faults), lateral discontinuities and topography, etc.
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